
Chapter 20
Research of Precise Timing in Single
Receiver Pseudorange Positioning Based
on GPS System

Hehuan Zhu, Xiangyang Wu, Weirong Chen and Shuguo Pan

Abstract Timing service is one of the significant basic services in GPS system.
Principles and mathematical models of the precise timing in single station
pseudorange positioning were provided in this paper. And the automatic batch of
timing procedures was developed through the C++ language. The experimental
results show that, the precision of timing in single station pseudorange positioning
based on GPS system can reach nanosecond level. In addition, the precision can be
higher when using carrier smoothing pseudorange method. The precise timing
services in GPS system has broad prospect in communications, electric power and
other industries.
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20.1 Introduction

High-precision timing is significant to the operation of military, communication,
power and transportation system, etc. It has universal application in national defense
building and economic construction. With the rapid development of modern society,
the requirements of timing precision are increasing. The research of precise timing
based on GPS system is increasingly important, because GPS system has developed
relatively more perfectly, and its precision is relatively higher.
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The precision of pseudorange observations is not high, while the determination
of ambiguity is a major problem when using carrier phase observations. However,
using carrier phase smoothed pseudorange method can not only improve the
accuracy of positioning and timing, but also avoid the determination of ambiguity.

The precision of timing in single station pseudorange positioning based on GPS
system can reach nanosecond level. By demonstrated, the precision can be higher
when using carrier smoothing pseudorange method.

20.2 The Principles of Precise Timing by Pseudorange
Positioning Based on GPS System

20.2.1 Observation Equations in Pseudorange Positioning

After calculating the satellite coordinates with broadcast ephemeris data,
Eq. (20.1) [1] is used as fundamental model of pseudorange positioning.

q0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q

þ cdtk � cdt j

ð20:1Þ

According to approximate coordinates and Eq. (20.1), mark that
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The result of linearization can be written as Eq. (20.3) [1],

lipdXp þ mi
pdYp þ ni

pdZp � cdtp � Ri
p;0 þ ðqi

p þ cdti � dqi
trop � dqi

ion � dqi
othersÞ ¼ 0

ð20:3Þ

where dqi
ion is ionospheric delay error (m); dqi

trop is tropospheric delay error (m);
dqi

others is other errors, such as some effects of earth rotation, tidal, relativistic
effects, etc.

Matrix form can be written as Eq. (20.4) [1],
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If the number of simultaneous observation satellite is equal to 4, it has a unique
solution, that is to say dx ¼ A�1L: When the number is more than 4, we can use the

least square method to calculate, that is to say dx ¼ ðAT AÞ�1AT L:

20.2.2 Carrier Phase Smoothed Pseudorange

Carrier phase smoothed pseudorange method is optimizing pseudorange value on
the basis of pseudorange positioning. In this paper, we optimize P1 and P2 [1, 2]
simultaneously. Equations are as follows:

p jðtiÞ ¼
1
i

p jðtiÞ þ
i� 1

i
½ðp jðti�1Þ þ dp jðti�1; tiÞ�

p jðtiÞ ¼
1
i

p jðtiÞ þ
i� 1

i
½ðp jðti�1Þ þ kðu jðtiÞ � u jðti�1Þ�

ð20:5Þ

where

p jðtiÞ is smoothed pseudorange value on the ith epoch;

p jðtiÞ is pseudorange value on the ith epoch;

p jðti�1Þ is smoothed pseudorange value on the (i-1)th epoch;

ku jðtiÞ is carrier phase value on the ith epoch;
ku jðti�1Þ is carrier phase value on the (i-1)th epoch.

The timing accuracy is greatly improved when using carrier phase smoothed
pseudorange method.

20.2.3 Error Models

In this paper, we use broadcast ephemeris data to calculate coordinates and
velocity of satellites, then compare calculated clock error, which by pseudorange
positioning, with precise ephemeris clock error. Errors take ionospheric delay,
tropospheric delay, error by earth rotation and relativistic effects into account.

We use ionosphere-free combination to correct ionospheric delay error. It is
demonstrated in Eq. (20.6) [3]:

p ¼ f 2
1 p1 � f 2

2 p2

f 2
1 � f 2

2

ð20:6Þ

where
p1 means pseudorange value of L1 signal;
p2 means pseudorange value of L2 signal.
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Then use Hopfield model to correct tropospheric delay error. It can be written as
Eq. (20.7) [3, 4]:

DtropðEÞ ¼ DdtropðEÞ þ DwtropðEÞ

DwtropðEÞ ¼ 10�6

5
ð�12:96T þ 3:718� 105Þ

sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 þ 6:25
p e
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11000

DdtropðEÞ ¼ 10�6

5
77:64

sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 þ 6:25
p p

T
½40;136þ 148:72ðT � 273:16Þ�

ð20:7Þ

where
DtropðEÞ is tropospheric delay error (m);
DdtropðEÞ is dry delay error (m);
DwtropðEÞ is wet delay error (m).

Residual error of wet delay error is only several centimeters.
Equation of earth rotation is shown as Eq. (20.8) [4]:
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where Xs; Ys; Zsð Þ is satellite coordinates; Xs0 ; Ys0 ; Zs0
� �

is corrected horizontal
coordinates. a ¼ x � s; a is angles of earth when rotate. x is earth rotation velocity,
s is time of satellite signal propagation.

According to satellite coordinates vector and velocity vector, error equation of
relativistic effects is established. As shown in Eq. (20.9) [3, 4]:

Drela¼� 2
C

Xs � _Xs ð20:9Þ

where Xs is coordinate vector of satellite; _Xs is velocity vector of satellite.

20.3 Experiments and Analysis

In order to analyze and verify method of single receiver pseudorange positioning,
this paper adopt the daily observation data of USNO station, which is obtained
from IGS website. The receiver of USNO station has atomic clock, which is
relatively stable [5, 6]. Timing standard is provided by clock error data of precise
ephemeris.

Figure 20.1 shows precise clock error value of USNO by IGS, the interval is
5 min. There are 288 epochs, the average value is 6:241687 � 10�7 s:
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20.3.1 Experimental Scheme

Firstly, we use pseudorange positioning to compute clock error (use the least
square method), the average clock error of these 2,880 epochs is 6:268539�
10�7 s; which differs 2.68518 ns with the average value of precision clock error.

Then, compare the clock error with precise clock error by IGS. In addition,
interval of pseudorange positioning is 30 s, interval of precise ephemeris file is
5 min, so interval of clock contrast is 5 min. The result is shown in Fig. 20.2, the
average error is 3.19 ns. We can discover that the errors are mostly nanosecond level.

On the basis of pseudorange positioning, use carrier phase smooth P1 and P2,
then use the least square method to compute, the average clock error is 6:251205�
10�7 s; which differs 0.95168 ns with the average value of precision clock error.

Figure 20.3 demonstrates that after carrier phase smoothed pseudorange, the
difference between calculated clock error and precise clock error, the average
difference is 2.61 ns.

The contrast of clock error between pseudorange and carrier phase smoothed
pseudorange is reflected in Fig. 20.4. By comparison, the latter’s accuracy is higher.

20.3.2 Precision Assessment

In the analysis of pseudorange positioning and carrier phase smoothed pseudor-
ange, we should consider not only the clock error of two methods, but also assess
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Fig. 20.1 The clock bias of USNO by IGS

20 Research of Precise Timing in Single Receiver Pseudorange Positioning 215



their stability respectively. In this paper, because we only evaluate timing accuracy
and clock stability, we can regard internal accord RMS and external accord RMS
as assessment standard [2, 7, 8]. Because the receiver of USNO station is atomic
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Fig. 20.2 The error of clock bias by pseudorange positioning
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Fig. 20.3 The error of clock bias by carrier phase smoothed pseudorange
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clock, which clock error is very stable, we can regard the average clock error as
reference value. As a result, internal accord RMS can be obtained by difference
between calculated clock error and the average value of them. On the other hand,
external accord RMS can be obtained by difference between computed clock error
and clock error of atomic clock by IGS [8, 5].

RMS ¼

ffiffiffiffiffiffiffiffiffiffiffiffi

DT PD
n

s

ð20:10Þ

Where D is difference, n is the total number of samples, P is the weight matrix.
By comparison of two methods, external accord RMS of pseudorange is

9.27 ns, internal accord RMS is 10.22 ns. After carrier phase smoothed pseudor-
ange, external accord RMS is 7.32 ns, internal accord RMS is 7.64 ns.

Detailed precision contrast is illustrated in Table 20.1.

0 36 72 108 144 180 216 252 288
-4

-3

-2

-1

0

1

2

3

4
x 10

-8

Interval / 5min

T
he

 E
rr

or
 / 

s

No Smooth
Smooth

Fig. 20.4 The difference of error between pseudorange positioning and carrier phase smoothed
pseudorange

Table 20.1 The precision index

Error Maximum
(s)

Minimum
(s)

Average (s) External accord
RMS (s)

Internal accord
RMS (s)

Pseudorange
positioning

3.07 9 10-8 3.21 9 10-8 3.19 9 10-9 9.27 9 10-9 1.02 9 10-8

Smoothed
pseudorange

2.01 9 10-8 2.39 9 10-8 2.61 9 10-9 7.32 9 10-9 7.64 9 10-9
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By comparison, we think that the result of carrier phase smoothed pseudorange
is better, the accuracy is higher. The best precision can reach milli nanosecond
level.

20.4 Conclusions

In this paper, we compared RMS of pseudorange positioning with carrier phase
smoothed pseudorange, it illustrates that using carrier phase smoothed paeudor-
ange method can improve the precision of timing effectively, guarantee the sta-
bility of clock.

Experimental result indicates that, the precision of timing in single station
pseudorange positioning based on GPS system can reach nanosecond level.
In addition, the accuracy can be higher when using carrier smoothing pseudorange
method.

In this paper, we use broadcast ephemeris data to calculate satellite coordinates
and to pseudorange positioning, the precision may be higher if using precise
ephemeris data to compute.
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